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Abstract 

In this paper we consider the (simplified) 3-dimensional primitive equations with physi- 
cal boundary conditions. We show that the equations with constant forcing have a bounded 
absorbing ball in the i7^-norm and that a solution to the unforced equations has its H^-noim 
decay to 0. From this, we argue that there exists an invariant measure (on H^) for the equations 
under random kick-forcing. 

1 Introduction and Statement of Results 

We consider the 3-dimensional primitive equations, a variant of the Navier Stokes equations in 
which the equation for the third component of velocity is removed and we make the assumption 
that the pressure p is independent of the third space coordinate. In this paper we will, following 
the presentation of 1 8 1, consider the following simplified version of the primitive equations: 

-i^Aufc + X^j^i^j 9^ Wfe + 9feP = Forcing, fc = l,2 
div u — diUi + d2U2 + d^u^ — 

We consider both the case of constant forcing, and forcing by random kicks. 

In their breakthrough paper |2|, Cao and Titi proved the existence of global strong solu- 
tions for the 3-dimensional primitive equations. Later, in [SI, Kukavica and Ziane proved the 
existence of global strong solutions under a different set of boundary conditions, which corre- 
spond more closely to physical models of the ocean and which we will refer to as the physical 
boundary conditions (see ^ below). The physical boundary conditions lead to different es- 
timate^ and so Kukavica and Ziane give a proof that is substantially different from the one 

in El- 
Following the breakthrough of Cao and Titi, many results have been proved assuming their 
boundary conditions: In |7|, Ju considers bounded absorbing sets and global attractors. In ID, 

'Department of Mathematics, University of Missouri-Columbia. E-mail: evanslc@missouri.edu 
^Department of Mathematics, University of Missouri-Columbia. E-mail: rrgm8d@mail.missouri.edu 
'in particular, the equality J^^ Vps • Avdxdy = in the beginning of Section 3.3.1 of |2| does not hold for the 
physical boundary conditions. 
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Gao and Huang consider the stochastically forced primitive equations and show the existence 
of random pullback attractors. More recently, in Q, Debussche, Glatt-Holtz, Temam, and 
Ziane have proved the global existence of strong pathwise solutions to the primitive equa- 
tions with forcing by multiplicative noise. Few papers, however, have considered the physical 
boundary conditions. 

In this paper we consider the 3-dimensional primitive equations with the physical boundary 
conditions. We show that under a constant forcing, the V-norm (H^-noim) of the solution stays 
bounded and that under no forcing, the V"-norm of the solution decays to 0. These results are 
stated as Theorem 13. II and Theorem |3.2| Such results on the enstrophy have intuitive appeal. 
These results were proved in |7 1 for Cao and Titi's boundary conditions and the proof relies on 
applying the uniform Gronwall lemma to estimate^ from |2|. The estimates in fSl seem less 
amenable to the uniform Gronwall lemma, and so we instead make a somewhat unorthodox 
argument that ties in closely to the argument in |8 1. 

Finally, we consider the primitive equations under a random kick forcing. We show that 
if the kicks are infrequent enough then there exists an invariant measure on V (H^ with extra 
conditions). Here we encounter the same set of issues discussed in |7|. We cannot define a 
dynamical system on H (L^ with extra conditions) due to the lack of uniqueness for weak 
solutions for the primitive equations. Therefore, we cannot even define an invariant measure 
on H. We can define a dynamical system and invariant measures on V but then we have the 
issue that bounded balls in the F-norm are not compact in V. We get around this using a 
compactness argument from |7|. Unfortunately, we do not see how to apply this argument 
in the case of forcing by white noise and so this leaves open the question of finding invariant 
measures for the primitive equations for such a forcing. 

1.1 Outline of our Paper 

In Section |2] we introduce general notation and the various forms of the Primitive Equations 
we will consider, including the case of random kick-forcing. In Section [3] we state precisely 
the results of this paper. In Section 21 we reproduce a rough sketch of the argument in jSl 
in order to prove Lemma 14.11 Lemma 14.11 is the key tool behind the proofs of our results 
and provides a quantitative bound on the growth of the V^-norm of a solution over small time 
intervals. Finally, in Section|5] we prove our results. 

2 The Setup for the Primitive Equations 

Mathematically, the Primitive Equations consist of taking the 3-dimensional Navier Stokes 
equations, removing the equation for the third component of the velocity, and positing that the 
pressure depends only on the first two position variables. 

Let G — G2 y. {~h, 0) C M.^^, where his a positive constant, and G2 is a smooth bounded 
domain in M^. Let u{x,t) := {v{x,t),U3{x,t)) be the velocity field where v{x,t) is the 
horizontal velocity and U3{x,t) is the vertical velocity. We similarly decompose a; G G as 

^In particular, Ju uses the equality mentioned in the previous footnote (see inequality (3. 11) of 171). 



2 



X = (x', z). The primitive equations with constant forcing can then be written as 

dtv — vl\v + {u ■ V)v + V2J3 = / 

div u = , (2) 

v{x,()) = uo 

where p = p{x', t) and where wq satisfies 

.0 

div2 / vi^dz = 0, 

J-h 

and where f £ H is independent of time. The boundary conditions are described as follows. 
Let Tt := G2 x {0} denote the top, Ts 96*2 x [-h, 0] the sides, and Tb := G2 x 
{—ft,} the bottom of G. The boundary conditions we consider, the so-called physical boundary 
conditions, are 

dzV =0 for X ETt 

V =0 for X eTbDT, (3) 
U3 =Ofora; G Tt ur,,. 

Note that is determined by v via the divergence free condition. Specifically we have that 

U3{x,t) = — / div2f (x', z', t)rfz' 

and so we can express the primitive equations in the modified form, which can be thought of 
as a PDE for v. 



(dtV - lyAv + {v ■ V2)v ~ ( div2w(a;', z', d^^v + V2P = / 

[w(a;,0) = vq 

2.1 The Functional Analytic Setup 

We now introduce some spaces of interest. Let 



(4) 



V 

where 



\v £ C^siG) : div2 J V dz = on 



{v e C°°(G) : supp(t;) is compact in G - (Lfc U L,)}. 
^2 ^1 

We then define the spaces H :— V and F V (i.e. the closures in those topologies). It 
has been shown that (see lITOl or Lemma 2.1 in Q) 

fO / rO 

-2 



= |w e L : div2 J v dz = on G2, v dz j • n = on 9G2 

and 

V ^ {v e HnH^ -.v ^OonVbUTs} . 
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Also, L"^ ^ H ® H^, where 

= {v -.v = Vspwithp e H^{G2)}. 
We equip these spaces with the norms 

\Mh — II^'IIl^ 

and 

||v||^ := (^j iVwpdx 

which is equivalent to the ^-norm by the Poincare inequality. Finally we introduce the spaces 
V" := F n i?" with the usual Sobolev norm. 

Let A := —11^ A be the negative projection of the Laplacian onto the space H. Let (noting 
that here u and v are just placeholder variables) 



{u ■ V2)w — (^J div2U dz'^ dzV 



(5) 



We can now project (|4| onto H to get 

jdtv + vAv + B{v,v) = YIhI 
|w(a;, 0)=wo 

which can be analyzed as an abstract evolution equation. 

2.2 Types of Solution 

Deflnitioii 2.1. We say that w is a weak solution to (|4| on [0, T] if 

V e L^{[0,T];H)nL\[0,T];V), dtv e L^i[0,T];V-^) 

(here V^^ denotes the dual space to V^) and the equalities in Q hold in V^'^. That is, 

{dtv + {v ■ \72)v - (^J div2w(a;', z' , t)dz'^ d^v, w) + {vVv, Vw) w) a.e. t e [0, T] 

{v{x,Q),w) = {V(i,w). 

Note that Vp = in (so it drops out) and note that our regularity assumptions on v give 
us that V € C([0, T]; V^^) so it makes sense to talk about w(0). 

Definition 2.2. We say that t; is a strong solution to (|4| on [0, T] if 

V e L-([0,r];y) nL2([0,T];I?(^)), a^t; G L\[Q,T]-H) 
and the equalities in Q hold in i/. That is. 



dtv + j/Aw + [v ■ ^2)v ■ 



J div2u(a;', z' , t)dz'^ d,v + VaP =/ a.e. xeG,te[Q, T] 
v{x, 0) = Wo a.e. a; e G. 
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It has been shown in | 8 | that for any vq G V there exists a unique globai strong solution. 
In fact it can also be shown that this solution lies in C(0, T; V) (This is crucial as we will 
routinely talk about the value v{t) at different times t. See Appendix lA. 1 I for a proof). Global 
existence of weak solutions for any vq £ H was proven earlier (see Q, Q, or lfT4l ) but 
uniqueness of weak solutions remains an open problem. Therefore we consider only strong 
solutions and work in the space V in order that we have a well defined dynamical system. 

2.3 Kick Forcing 

We now consider the primitive equations under a random kick-forcing. For a more in depth 
explanation of random kick-forcing we refer the reader to Chapter 3 of the book by Kuksin, j9] . 
Let {CnjJ^Li be i.i.d. random variables on a fixed probability space {fl, P) which take values 
in V. Let S{t) : V ^ Vhe the solution operator to the primitive equations ^ with no forcing 
(i.e. / = 0). This solution operator is well defined by global existence and uniqueness for 
strong solutions and therefore defines a dynamical system. 

Fix a time step T > 0. We define a random dynamical system, corresponding to random 
kicks at time intervals T: Fix av^ E V and let X„ : £7 — > F be the random variables given by 
the relations 

Xo = vo and X„(cj) = 5(T) [Xn-i{^)] + ^„(w), for n = 1, 2, . . . (6) 

(We will suppress the dependence on T of various objects. As T is fixed at the outset this 
should provide no confusion). That is, at every time step T, we give our dynamical system 
a kick but otherwise flow according to the solution operator. Xn is then a time-independent 
discrete time Markov process indexed by the positive integers and it has the associated transi- 
tion probabilities P{v, A) — F{S{T)[v] + € A). Associated to this Markov process is the 
operator 

V : L°°{V) L°°{V) 

[Pf]{v) / f{v')P{v,dv') 

JV 

and, letting M.{V) denote the space of probability measures on V, we have also the dual 
operator 

V* ■.M{V)^M{V) 
[P*n]{A) - / P{v,A)^{dv). 

JV 

Because of continuity of the mapping v i— ^ S{T)[v\ (see Appendix IA.2l l we have, by the 
Lebesgue dominated convergence theorem, that 7^ : Cb{V) — )■ Cb{V),\.&. our Markov process 
is Feller. 

Finally, we say that ^ e M.{V) is an invariant measure for the kick-forced primitive 
equations with kicks at time intervals T if V*!! — ^. 

^^Here by "global" we mean there exists a solution on [0, T] for all T > 
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3 Our Results 



We now state our main theorems: 

Theorem 3.1. (Bounded absorbing set in V under constant forcing) Let vq £ V be such that 
ll'^^olly ^ R> l^t f ^ H, and let v{t) be the solution to @ with initial data vq. Then there 
exists K > and Ty > 0, depending only on R and ||/||^, such that 

\\vml<K, yt>Tv. 

Theorem 3.2. (Decay in V-norm for the unforced equation) Let vq €E V be such that \\vo\\y < 
R, let / = 0, and let v{t) be the solution to with initial data vq. Then for all e > 0, there 
exists a timJ^ Ty = Tv{R, e) such that 

\Ht)\\l<eJorallt>Tv{R,e). 

Remark 3.3. Note carefully that this time Ty depends only on R and not the actual value of 
wq itself. This stronger statement will be key for us. If we only wanted Ty to depend on uq 
we could argue this more directly from the paper |8 1 (the issue is that the 5 they define on page 
2746 depends on uq itself). 

Theorem 3.4. (Invariant Measure for Kick-forcing) Consider the primitive equations with 
random kick-forcing and assume the kicks are bounded in the norm, i.e. 

There exists R > 0, such that ||^fn||^ < R o.s., Vn. 

Then there exists a time T = T(R) such there exists an invariant measure for the primitive 
equations with this random kick-forcing at time intervals T. 



4 Sketch of the Proof of Global Existence of Strong Solutions 

Our main goal in this section is to state and prove Lemma |4n Since Lemma|4T|hinges on an 
inequality which appears deep in |8| (inequality (2.14) there, which we give as inequality ( fT6] l 
here), we have decided things would be clearest if we reproduced the sketch of the proof of 
global existence from |8 1 here. As a small bonus, we will show how Lemma l^Tl can be used to 
give an alternate ending to the proof. Since the argument until inequality ( fTSI l is more or less 
verbatim, we present only a rough sketch of the argument and direct the reader to |8 | for more 
details. 

Let v{t) be a local strong solution to ^ with initial condition va E V, extended to its 
maximal interval of existence [0, Tmax)- We will prove that ||t;(t)| |y is bounded on this interval 
yielding a contradiction. 

We take the inner product of both sides of (|5]l by Av and use standard estimates to gejf| 




v\\l + i^WAvWl < - [\\v\\l + ||9.t^||'^||Va,T;||^^) \\v\\l + ||/||^. (7) 



In order to apply the Gronwall lemma, we now estimate the terms in parentheses. 

"^We abuse notation here by defining Ty again but we will never be considering the forced and unforced equations 
simultaneously so there should be no confusion. 

'We will use C to denote a positive constant which may change from line to line but does not depend on any critical 
quantities. 
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4. 1 The 1 1 f 1 1 Estimate 

We start with the primitive equations in the form Q, multiply both sides by u| for k — 1,2, 
integrate over G, and sum over k to get that 

9 9 9 9 

k=l k=l'^^ k=l''^ k=l''^ 

(8) 

The second term on the right side of equation (O is estimated by 

h<c\\n\HM\l^ (El|v(«i) 



' 



while the first term on the right side of ([SJ is handled by an averaging trick (This trick was 
pioneered in ||2l and it is here we exploit the fact that p is independent of z): We let 



1 



M{u){x') :— — I u{x',z)dz, 



-h 

and so, since the pressure is independent of z, 

2 

'/ M(ii^)B,.ndT' < hS^\\M(ii^)\\ .IIV.nl, ., 

'L5(G2) 



2 2 

^i = -'^E / MiuDdkpdx' < hJ2\\Miul)\\^,^^jV2p\\^ 



Now, playing with Sobolev inequahties (taking advantage of the fact we are considering a 2 
dimensional domain) we get that 

2 

k=l 

Thus we arrive at the inequality 

I t + rtf dx < ^ (||V2P||^(^^^ + 11/11^) ll.llia. (9) 

k=l k=l''^ 

4.2 The 1 1 dzV \ \ ^2 and 1 1 Vdzv\ \ ^2 Estimates 

We multiply equation (O by —dzzUk, k = 1,2, integrate over G, and sum to get 

2 2 
"E / dtUkdzzUk dx + 1^"^ / AukdzzUkdx 

k=l''^ k=l''^ 

EE / '^jdjUkdzzUkdxV^ / dkpdzzUk dx-"^ / fkdzzUk dx := h+h+h- 



(10) 
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We estimate l2- Recalling that the pressure is independent of z we have that 



dkpdzzUk dx < 



/ dkP / dzzUk dz dx' 
Jg2 J~h 

dkpdzUk{z = -h) dx' 



<\\dkP\\^^^^^^\\dzUk{z = -/i)|Il3(G2)- 
whence, by two-dimensional Sobolev embeddings, 

After using integration by parts and standard estimates to estimate Ii and J3, we have 

d , , ^ ,,9 ,, „ , C M 1,4 11^ ii9 C \ 



cil/ll 



L2- 



(11) 



4.3 ThellVapl 



3,^ Estimate 



We will need to estimate the pressure as it shows up in the previous two estimates. We apply 
the vertical averaging operator to both sides of equation (|2|i to get, after integration by parts on 
the J = 3 summand, 

MdtUk ~ vMA2Uk + dkP = vdzUk{z = -h) - M (l]j=i UjdjUkj 

-M dju.uk) + Mfk, for fc = 1, 2 (12) 

diMui +d2Mu2 = 0. 

We note that, for any time interval [ti, T2], the PDE (fTSI) can be thought of as a 2D Stokes 
problem on G2 x [ti, T2] for {Mu,p) with initial data A/u(ri). Therefore, we can apply a 
regularity result of Sohr and von Wahl from (121 which says that 



L2 (G2) 



C / \\RHS\\ 



L2(G2) 



dr. 



where RHS is the right hand side of ( fT2b . After estimating these terms, we get the pressure 
estimate 



(13) 



l|V2P|li3/.(G,) dT <C||t;(ri)|rv. + C / WdzvW^AV^dzvW^. dr 



+ c I \\v\\lMldT + c 



dr. 
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4.4 Combining the three estimates to bound the quantities 1 1 1 1 , 1 1 c^z 1 1 ^2 , 

and ||V(92'y||^2 

We consider our three estimates ( fTTT l. and ( fT3l ). To simplify notation we use the notation 
fromH: 

J \\v\\^e 
K := \\d:,v\\^2 

E:^\\v\\v 



and we also use the notation 



Consider an arbitrary triple of times < ri < T2 < ts. From we have 

J\t2)<J\ti) + -[C&{ti) + Cv\\K\\^.\\K\\^^+C\\JE\\\A sup j2(r) 

and after taking the supremum over T2 € [ti, ts], rearranging terms, and applying standard 
estimates (and in particular using K < CE) we get 

sup J^t) < J\t^)+(c\\E\\1, + e) sup J\t)+^E\t^)+C\\E\\\,\\K\\\, + ^ 

Similarly, starting from ( fTTT ). rearranging terms and applying standard estimates we get 

sup K\t) + ^\\k\\% < K\ti) + ( ^\\e\\% + e) sup j\t) 



(14) 



ri<T<T3 2 ""t y I/"' y ''"1 ^'''^'^3 

+ + + ^\\E\\l. + -ml.. (15) 

Summing these last two inequalities we get 

sup jHr)+ sup k'{t)+'^\\K\\1,<J\t,) + K\t,) 

+ (?ll^lll? + 5ll^ll^?+2s)^^sup^^^J^W 

(16) 

We now wish to consider intervals [ti , T3] small enough that we can keep the right side of ( IT6b 
under control. Specifically, we want the three terms in the parentheses to be less than i and 

II ~ 1 1 2 

C LE L, < -T so that we can absorb the third and fourth term on the right into the left hand 

II I lij 4 

side. 
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4.5 The Growth Control Lemma and the Conclusion of the Proof 

All of the above estimates appear in lIH. From here on we present a slightly different approach 
than that of Kukavica and Ziane. We put the ideas of the previous paragraph into the following 
lemma: 

Lemma 4.1. (Growth control lemma) There is some t] > such that ifO < ti < ra are close 
in the sense that 



|t3 — Ti I < 1 and 



\v{T)\\y dr < 77, 



(17) 



then 



|Kr,)||^<e^(^+ll^(-)ll^^)^ [iKrOII^^ + 11/11^ 
for any T2 € [ti,T3], where C = C{v,ri,\\f\\^). 



=: r 



(ib(ri)ll 



Remark 4.2. Note what this lemma says: Provided ti and T3 are "close enough", the y-norm 
of t; only blows up so much in going from ti tors. In particular, if [[^(ti)!!^ is finite then so 
too is sup^^<^2<r3 IK'('''2)||y We will use this idea extensively. 

Also note that the mapping y i-> r(?/) is non-decreasing and when / = 0, limy_j.o r(j/) = 

0. 

Proof. First note that there exists an 77 = 77(C, v) small enough such that when ri, T3 satisfy 
( fTTI l. the conditions stated in the paragraph preceding the theorem are satisfied. Then, after 
absorbing terms into the left hand side we have 

\ sup J\t)+ sup K\T) + j\\k\\l,<j\T,) + K\T^) 



V 



-I 

V ' 

C_ 



\E\\ 

We 



2 

|4 



c_ 

7/2. 



Next we note that K(t\) < E{ti) trivially and by a Sobolev inequality J(ti) < E{ti). From 



our assumption we have that LE ,2 < t]- And so, absorbing ly, rj, 
constant C, we can rewrite our inequality as 



H 



, and C into a new 



- sup J\t)+ sup K^{T) + -\\K\\l,<CE{Tif + CE\Ti) + C^:{*). 

^ Ti<T<T3 ri<r<r3 * 

Applying Gronwall's lemma to (Q and using this estimate we get 



\v(t2)\\v <e 



+ (7-3 - Ti 



<e(C(^3-ri)(*)+C(*)(*)) 



\Hri)\\l + {rs-T, 



H 



from which the theorem follows. 



□ 
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With Leinma |4Jl in hand, the proof of global existence is simple: By the a priori estimate 

/ E^{T)dT<O0 (18) 
"'0 

which follows immediately from multiplying both sides of the original primitive equations by 
V (see (|20] | for further details), we can partition the interval [0, T^ax) into a finite number, say 
L, intervals of the form [t£,tf+i) where t( and t^^i satisfy the conditions of Lemma 14. II and 
tL — Tmax- Since ||w(0)||y < oo, after iterating Lemma|4T|L times we get that 

sup \\vmi<r^^U\\vm\i), (19) 

where F*^^^ (•) denotes the L-fold composition of the function r( ) defined in Lemma l4TT] This 
implies that | |f (t) 1 1 y does not blow up as t approaches T,nax- This completes the proof of the 
global existence of strong solutions. Note that while our estimates here are not as sharp as 
those in Kukavica and Ziane, Lemma [43] will be instrumental in proving our main result and 
so we thought it helpful to present an application here. 



5 Proof of our Results 
5.1 Proof of Theorem |33] 

We first prove Theorem |3. II The assumption HwoHy < R < oo implies ||t'o||^ < i? as well. 

First we show that we have an absorbing ball in H. If we take the inner product of both 
sides of (|5]i by w we get 

ld,\\v\\l + \\v\\l < {IlHf,v)H < ^WvWl + IWfWl, 

whence 

ldt\\v\\l + ^\\v\\l<^\\f\\l, (20) 
and so, by the Poincare inequality, 

dt\\v\\% < + II/IIh 

where Ai is the first eigenvalue of A. From this it follows from basic ODE theory that there 
exists a time Th = Th{R, WIWh) s^nch that 

\\vit)\\% < XforalH > Th- 

Also from integrating both sides of ( l20l l we have that 

riKT)||'ydr<|K.)||^ + (t-.)||/||^^. (21) 

J s 

If we take Th <s<t<s + l the right hand side is bounded by + 1 1 / 1 1 ^ . However this 
only gives us control of the integral of ||f and not control pointwise. Nevertheless, we 
will get pointwise control after combining (|2TJ with Lemma |4m 
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Consider the series of times Th < T — 2 < T where T is otherwise arbitrary. From (|2TI) 
we have that 



T-l 
T-2 



/ \\v{T)\\ldr<K+\\f\\l. 

JT-2 



It follows that there exists a time <o e [T - 2, T - 1] such that ||w(io)||y < K - " """^ 
Considering (|2TI ) again we see that 

|Kr)||^dr<if + 2||/||^<oo. 



Therefore, we can divide the interval [to, T] into a finite number, say L, intervals of the form 
[t£,ti^i] whose endpoints satisfy the conditions of Theorem 14. 11 Note that the number of 
intervals L needed depends only on the quantity iiT + 2 1 1 / 1 1 ^ and therefore is independent of 
T. It follows that we can get from to to T in L or fewer "steps" and so from Theorem l4.1l we 
have that 

\\v{T)\\l < {\\v{to)\\l) < r(^) [K + WfWl) . 

Since T was arbitrary other than needing to be larger than Th by 2, Theorem 13. II is proven 
withTy :=T// + 2 and ii' replaced by r(^) (i^ + I I/I I?/) ■ 

5.2 Proof of Theorem O 

We now prove Theorem |3.2| First we prove the same theorem but for iJ-norms. Arguing as in 
the previous proof but with / = 0, we get the inequalities 

\\v{t)\\1 dT < \\vis)\\l (22) 



dtWvWl < -XiWvl'' 



and 

'yt\\v\\H s -m\\v\\h- 

It follows from basic ODE theory that for each e > and vo with | li'ol 1^^ < there exists a 
time Th = Th{R, e) such that 

\\v{t)\\l <eforiillt>TH 

as desired. 

Next we consider the series of times Th < T — 2 < T where T is otherwise arbitrary. 
From (|22] | we have that 

'\\vir)\\ldr<e. 

T-2 

It follows that there exists a time to G [T — 2,T — 1] such that ||w(to)||y < £• Considering 
(l22l i again we see that 

/ lk(''')lly dr < e < CO. 

J to 
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Therefore, we can divide the interval [to,^] into a finite number, L, intervals of the form 
[ti,tg+i] whose endpoints satisfy the conditions of Lemma 143] (Note that any integer L > 
max(^, 2) will work and so we can take L independent of T). It follows then that we can get 
from to to T in L or fewer "steps" and so from Lemma|4T|we have that 

lk(T)||'^<rW (iKto)lly) <r(^) (e). 

Since T was arbitrary other than needing to be larger than Th by 2, Theorem 13. 2l now holds 
with Ty [R, r'^) (e)) = Th{R, e) + 2. This implies the given statement of the theorem since 

r(^) (e) ^ Oas £ ^ 0. 



5.3 Proof of Theorem |37 

First note that S{t) : — ^ is a compact operator for all t > (see Appendix IA.3I I. Fix 
Vq & V such that Hwollv — ^ = Ty{AR, R), and define the Markov process X„(a;) 

by the relations Q . Then it follows that if 1 1 X„ (w ) 1 1 y < 4i? then 

||X„+iH||^ = ||5(r)[X„H] +ry„+i||^ < 2||5(r)[X„H]||^+2||77„+i||^ < 2R+2R = 4i? 

as well. And so it follows by induction that | |X„ (w) 1 1 y < 4i? for all n. 

Let /i„ e M {V) be the distribution of X„ and note that /i„+i =V* Hn- It follows from the 
above argument that each is supported on the compact set S{T) Bv{2\/R) +Bxi(A)iV^) 

where Bv{p) :— {v e V : \\v\\y < p} and B-p(A){p) {v e V : \\Av\\f^ < p}. Therefore, 
the sequence of measures C M{V) is tight. 

We now use the standard method of Krylov and Bugolybov to show the existence of an 
invariant measure, taking advantage of the tightness of the /i„ and the Feller property of our 
Markov process. By tightness, there exists a subsequence of the (which we relabel to be 
the sequence of natural numbers) and there exists a measure p. £ A4{V), such that /i„ — ^ p. 
Next we define the measures /!„ = ^ X]fc=i Mfe- We have then also that /i„ ^ p. 

We claim that p is invariant: Given / G Cb{V), 

1 " 

{f,V*p) ^{V},p) = lim {VfrPn) = lim - 

n— >oo n— >oo Ji ^ — ' 

fc=l 

= lim - V(/, pk+i) = lim - Pk) - (/, Po) + (/, Pn+i) 

n—foo n n—foo n \ I 

k=l \k=l / 

= lim {f,Pn) = {f,p), 

n—^oo 

whence P*p = p (Note that for the second inequality we needed the Feller property to ensure 
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A Appendix 



We collect here a few regularity results that were not proved in |8 | but which we need. These 
results were proved in Q for a different set of boundary conditions but the proofs carry over 
to our setting. 

A.l Proof that v e C{[0,T];V) 

Lemma A.l. Assume that H and V are Hilbert spaces such that the embedding V ^ H is 
compact. Let V' be the dual of V and identify H with H' so that V d H ^ H' d V'. If 
V G L^{0,T;V) and dtv G L^[Q,T;V'), then v e C{0,T; H) (more precisely, v — ua.e.for 
someuG C{[0,T];H)). 

This is a standard lemma (see Chapter 3, Lemma 1.2 of lfT3l ). 

Theorem A.2. Ifv is a strong solution on [0, T], T > 0, then v G C([0, T]]V). 

Proof. It suffices to show that 

A^v G L^{{),T-V) and dt{A^v) e L^{Q,T-V'), (23) 

since Lemma lA. 1 1 will then implv that A^v £ C{[0,T]; H). Since ||u||y = || this will 

imply that t) e C{[0,T];V). 

The first containment is obvious since w G L^{0,T; D{A)) and \\v\\v ~ WA'svWh- For the 
second, let vi £ V and multiply (|5]l by A^vi and integrate to get 

{dtv,Ahi)H = -v{Av,Ahi)H - {B{v,v),Ahi)H + {f,vi)H- 
By Holder's inequality and the Ladyzenskaya inequalities, we have 

{dtv,A^vx)H < i^\\Av\\h\\vi\\v + C\\v\\l\\Av\\l\\vi\\v 
+ C\\v\\v\\Av\\h\\vi\\v + ||/||H||fi||y- 

Write the left hand side as {dt(Aiv) ,vi), divide by and take the supremum over all 

vi £V to get 

\\dt{Ah)\\v, < ,,\\Av\\h + C\\v\\l\\Av\\l + C\\v\\v\\Av\\h + \\.f\\H (24) 

Since the right hand side is square-integrable, we have shown that dt [A^v^ G L^{0, T; V'). 

□ 

A.2 Proof that v S{t)v is continuous 

Theorem A.3. Given, vi and V2, two strong solutions to 0, there exists C = C(z^, wi(0),U2(0),i) 
such that 

\\vi{t) ~ V2{t)\\v < C\\viiO)~V2m\v. 
In particular, v £ V i-^ S{t)v £ V is continuous for all t > 0. 
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Proof, w :— vi — V2 satisfies the equation 

dtw + vAw + B[w, vi) + B{v2,w) = 0. 
Multiply by Aw and integrate to get 

~Ml + ''\\Aw\\l = -{Biw,vi),Aw)H-{Biv2,w),Aw)H. 
Now estimate the right side using Holder's inequality and the Ladyzenskaya inequalities. 

{Biw,vi),Aw)H < C\\w\\i\\w\\Uvi\\h^i\\U\M\H 

By Poincare's inequality, Young's inequality, and the fact that ||w||\/2 < C||Ai;||/f, we have 
that 

{B{w,v,),Aw)h < ^WAwWl + ^\\vi\mvi\\UMv + ^ll^illvll^illy^llHly- 
By a similar argument, we also have 

1/ C C 

{B{v2,w),Aw)h < 7:\\M\l + — ll«2||y||w||^ + —\\v2fv\\v2\\l2\\w\\l. 

Therefore, 

d 



< (f ll-ill + + ^h2\\'v + ^llwll?-ll"2ll5,=)llHI^ 

Since the quantity inside the parentheses is integrable on [0,t], Gronwall's inequality com- 
pletes the proof. □ 

A.3 Proof that S{t) -.V V isn compact operator 

We first state a lemma which is just a special case of the Aubin-Lions compactness lemma (see 
Proposition 1.3 of ITTI for that lemma and its proof). 

Lemma A.4. Let 

U := {v{t) : v{t) e L^O, T; V), vit) e ^^(o, T; V')}, 

with the norm ||w||^ '■— ||w|li2(Q x-v) II^IIl='(o t-V'Y Then % is compactly embedded into 
L\Q,T-H). 

The following theorem is a central result of |7|. We reproduce the proof here but with 
slightly different estimates which take into account our different boundary conditions. 

Theorem A.5. Let S(t) : V ^ V be the solution operator to the unforced primitive equations 
0. Then for each t > 0, S{t) is a compact operator 
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Proof. Fix i > and let {wnj^^i be bounded in V . It will suffice to show that {S{t)vn]'^=i 
has a convergent subsequence in V . We have shown the set of paths {A^ 5(-)t;„}5^]^ is a 
subset of Ti. (see (l23Tl). We will now show that this set of paths is in fact bounded in T-L, i.e. 



L^(Q,T-V) 



< C and 



dt 



(25) 



where C > is independent of n. 



By ^ we get that 



n\\L^{0,T-V) 



< C where C > is independent of n. Then, by 



the same argument used in Section l4.5l we get (c.f. (fT9]l) that sup^q ||S'(t)w„||y < C. Com- 
bining these estimates with ( fTsl ) we get that ||V9zS'(t)wn||^2di < C. Finally, combining 
all these bounds with (|7]l we get the first bound of dZST l. The second bound of dZSl) then follows 
from (|24ll. 

Boundedness in H along with Lemma IA.4I implies that, after passing to a subsequence, 
{AiS{-)vn}^^i converges in L^{0, T; H). It follows that {5(>„},^^i converges in L^[G, T; V) 
to some limit, which we call u* (•). It then follows that, after passing to a further subsequence, 
5(t)u„ — )■ v*{t) in V for almost every r e [0, T]. 

Since t > 0, we can find a r* < t such that S'(t*)u„ u*(t*). Then by the semigroup 
property for S{t) and continuity (see Theorem lA.3l ) we have that 

S{t)Vn = S{t - T*)S{T*)Vn S{t ~ T*)v*{t*), in V. 

Thus, we have shown that (a subsequence of) {S{t)vn]'^^i converges in V . 

□ 
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